The aim of the present note is to show that the natural map from classical braids to virtual braids is an inclusion; this proof does not use any complete invariants of classical braids; it is based on the projection from virutal braids to classical braids (similar to the one given in [6]); this projection is the idenitiy map on the set of virtual braids. The projection is well defined not only for the virtual braid group but also for the quotient group of the virtual (pure) braid group by the so-called virtualization move. The idea of this projection is closely related to the notion of parity and to the groups G 
We say that a set of signs is realizable if there exists such a set of distinct real numbers N j , j ∈ {1, . . . , n} for which s ij = sign(N j − N i ).
We denote the collection of sets sings by S. We say that for some set S of signs, two different indices i, j ∈ {1, . . . , n} are adjacent if for each k we have s ik = s jk .
We define the pure virtual braid group P B n according to [1] as the group having the following presentation:
The generators are a ij , i ≤ i = j ≤ n.
The relations are:
a i,j a i,k a j,k = a j,k a i,k a i,j , i, j, k distinct a i,j a k,l = a k,l a i,j , i, j, k, l distinct Later on, we shall call words in a i,j braid-words. We say that the writhe number is +1 for all the generators: w(a i,j ) = +1, and we set w(a −1 i,j ) = −1. This group is isomorphic to the pure virtual braid group with its standard presentation (see [1] ).
We introduce the following important quotient group of the pure braid
we also define the group G 2 n to be the quotient group of P B n by the relations a 2 ij = 1, see [3] . Having a braid-word β, we can represent it by a braid diagram as follows. Let β consist of letters β 1 · · · β k . The braid diagram will consist of n strands each connecting the upper point (l, 1) to the lower point (l, 0) for l = 1, . . . , n; The natural map o from pure classical braid group to the groupP B n is defined as follows. Given a pure classical n-strand braid b; let us enumerate the strands of b by natural numbers from 1 to n according to their endpoints. Let us start reading the classical crossings of b from the top to the bottom. Assume the undercrossing strand approaches this crossing from the top-right; then we denote the undercrossing line by j, denote the overcrossing line by i, and associate with this crossing the generator a ij . If the undercrossing strand approaches this crossing from the top-left, then we denote the undercrossing line by j, denote the ovecrossing line by i, and associate with this crossing the generator a Note that the above description can be also thought of as the description of the presentation of pure virtual braids by its planar diagrams: we ignore virtual crossings.
For each such classical crossing we write down the generator a ij . Note that no generators correspond to virtual crossings; we have written a word in a ij and a −1 ij ; let us denote the resulting word by o(b); for more details, see [1] .
We say that two braid-words are virtualization-equivalent if they are obtained from each other by a sequence of virtualizations, i.e., changes
The geometrical interpretation of the virtualization move is shown in Note that when we apply a virtualization to a crossing, we do not change the writhe number of the crossing but the overpass and underpass strands change their roles.
By definition, virtualization-equivalent braid-words represent the same element in the groupP B n .
The aim of the present paper is to prove the following Theorem 1. The map o defines an inclusion of the classical n-strand braid group to the groupP B n .
Let us first define the action of the group G 2 n on S (and hence, the actions of P B n andP B n ) according to the evident rule: the generator a ij switches the signs of s ij and s ji , and does not change the other signs.
Let us fix the set B of signs corresponding to the set of numbers 1, 2, . . . , n, in such a way that s ij = +1 if and only if j > i.
Assume an element of the group P B n is given as a word We say that a classical generator β j in the word β is good, if its indices are adjacent in the wordβB which precedes the action of this generator. It is clear that these two strands will remain adjacent in the word β jβ B that we obtain after the action of β j .
This action is illustrated in Fig. 3 . In the left part, we show the action of a classical (realizable) braid, and in the right hand side we show the action of a virtual braid; in the left part, we show the realization at each step; in the right part, s(1, 2) = +1, s(1,
The main idea of the proof of the main theorem is that the property of being "good" is closely related to the "weak parity" property widely used in virtual knot theory [4] . Here classical braids are "even" and if two "even" ones are equivalent then they are equivalent within even ones (for more about parity, see [5] ).
More precisely, the following lemmas take place: Moreover, among the three crossings β m , β m+1 , β m+2 there number of good crossings is 0, 1, or 3.
Proof. Let β =ββ m β m+1 β m+2β . Assume the strand numbers for β m , β m+1 , β m+2 are (i, j), (i, k), (j, k) respectively. Assume β n is good; this means that the strands (i, j) are adjacent after the action ofβ on the standard set of signs B. When we consider the crossing β The cases β m+1 , β ′ m+1 and β m+2 , β ′ m+2 are considered analogously. Now, we have to show that if two of the three crossings β n , β n+1 , β n+2 are good, then so is the third one. We consider only one case. The other cases are considered similarly.
Denote by S p the collection of signs after the action ofβ. We assume that the crossings β m and β m+1 are both good. Denote by S ′ p the collection of signs after the action ofββ m . Then the indices i, j ∈ {1, . . . , n} are adjacent in S p and the indices i, k are adjacent in S ′ p . This means that in S ′ p the index i is adjacent to both j and k. In particular, this means that for each l = i, j, k: s ) . Thus, after the action of β m+1 , j and k become adjacent, which means that the crossing β m+2 is good.
From the definition, we get the following Lemma 3. If a good crossing of some diagram does not take part in some Reidemeister move, then it remains good after this move is performed.
Let us define the word d(β) as the word obtained from β by deleting bad letters. According to the above, we get the following This means that we can construct the braid-word β ′ which is virtualizationequivalent to β step-by step. At each step, we will have no virtual crossings; thus, the resulting braid will be classical. Having constructed a braid which is virtualization-equivalent to β 1 · · · β j , we have to add a crossing corresponding to β j . We know which strands it deals with; besides, we know the writhe number of this crossing. So, at each step we get a pure braid which is virtualization-equivalent to β 1 β 2 · · · β k . Finally, we get a braid which is virtualizaiton-equivalent to β. 
